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Abstract
The Poincare´ Gauge Theory of gravitation with a Lagrangian quadratic in the field strengths
is applied to a classical cosmological model. It predicts a constant value of the non-riemannian
curvature scalar, which acts as a cosmological constant. As the value of the scalar depends
on the context, vacuum solutions may differ from the predictions based on Einstein’s con-
stant. The corresponding deviations from General Relativity are discussed on the basis of
exact solutions for the field of a mass point.
The Poincare´ Gauge Theory (PGT) [1] transfers the concept of a Yang-Mills theory to gravity.
Gauge transformations are 4 spacetime translations (parallel displacements) and 6 rotations (3
spatial rotations and 3 Lorentz boosts). Translations and rotations are independent of each other.
The gauge potentials related to translation are the tetrad Ai
α(x) , α = 0ˆ, 1ˆ, 2ˆ, 3ˆ, i.e. orthonormal
basis vectors of the tangential Minkowski space at the event xi, i = 0, 1, 2, 3. Tetrad indices like
α are raised and lowered by the Minkowski metric gαβ = diag(1,−1,−1,−1), coordinate indices
like i by means of the Riemannian metric gij = Ai
αAj
βgαβ , respectively. The potentials related
to rotation form the connection Aiα
β(x) of a non-Riemannian spacetime U4 , characterized by the
antisymmetry Aiαβ = Ai[αβ] := (Aiαβ−Aiβα)/2. The corresponding field strengths are the torsion
tensor Fij
α and the curvature tensor Fijα
β of the U4 :
Fij
α := 2 ( ∂[iAj]
α +A[i|γ
αA|j]
γ ) , Fijα
β := 2 ( ∂[iAj]α
β +A[i|γ
βA|j]α
γ ) . (1)
The coupling of a special relativistic Lagrangian to gravity L(ψ, ∂iψ) ⇒ L(ψ, ∂iψ,Aiα, Aiαβ)
refers the matter variables ψ to the tetrad or its inverse Aiα = (∂A/∂Ai
α)/A , A = detAi
α and
replaces ∂i ψ by the covariant derivative Di ψ = (∂i + Aiα
βfβ
α)ψ. The canonical currents of
matter, identified by the invariance of the action under local Poincare´ transformations, are the
energy-momentum J iα as a source of torsion and the material spin J iαβ as a source of curvature:
J iα := δL
δAiα
= − ∂ L
∂(∂iψ)
Dα ψ +A
i
αL , J iαβ :=
δL
δAiαβ
= − ∂L
∂(∂iψ )
fαβ ψ . (2)
In this paper we restrict the total Lagragian V = L + tL (Aiα, Fijα) +
r
L (Aiα, Fijαβ) to be
purely quadratic in the corresponding field strengths. Mixing terms of torsion and curvature or
combinations with dual tensors don’t occur. We omit the linear curvature scalar F = Fαβ
βα as
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well, for reasons to be given later. Variation with respect to the potentials yields the general form
of the field equations
DjHijα = J iα +
t
J iα +
r
J iα , DjHijαβ = J iαβ +
t
J iαβ , (3)
Hijα := −2 ∂ V
∂Fijα
= H[ij]α , Hijαβ := −2 ∂ V
∂Fijαβ
= H[ij]αβ = Hij [αβ] , (4)
t
J iα := HikγFαkγ +Aiα
t
L ,
r
J iα := HikβγFαkβγ +Aiα
r
L ,
t
J iαβ := Hi[βα] . (5)
The energy-momentum densities
t
J and
r
J of the tetrad and the connection, respectively, are
traceless:
t
J αα =
r
J αα = 0 =⇒ Aiα DjHijα = J αα . (6)
According to (3)2, the curvature is exclusively generated by the spin density
t
J iαβ of the tetrad
and the spin density of matter. The connection itself possesses no gauge invariant spin [2].
Despite of the different structures of the PGT and General Relativity (GR), the predicted
metrical properties of spacetime coincide largely. As for the metric, the curvature scalar of a
Riemann space is formally identical with a certain combination of torsion squares in a U4. In
addition, as will be shown now, the coupling constant of the gravitational spin interaction turns
out to be extremely small.
In order to demonstrate the rise [3] of the cosmological constant ΛPGT, it is sufficient to
consider a simple model of a universe, filled with a classical gas. Using natural units (ℏ = c = 1),
we prescribe J iαβ = 0 , J iα = A diag(0, 0, 0,M/R3), with the constant mass M and a distance
scale R(t), and the tetrad of the flat Robertson-Walker metric in polar coordinates (x0, x1, x2, x3) ≡
(t, r, ϑ, ϕ):
A0
0ˆ = 1 , A1
1ˆ = R , A2
2ˆ = Rr , A3
3ˆ = Rr sinϑ . (7)
In an isotropic, homogeneous, and PT-invariant universe, the connection essentially contains only
one dynamic component C(t) , effecting a Lorentz boost in direction of the parallel displacement:
A11ˆ
0ˆ = C , A22ˆ
0ˆ = C r , A33ˆ
0ˆ = C r sin ϑ , A21ˆ
2ˆ = 1 , A31ˆ
3ˆ = sin ϑ , A32ˆ
3ˆ = cos ϑ . (8)
The components of the field strengths reduce to ( R˙ ≡ ∂ tR , C˙ ≡ ∂ t C )
F0ˆ1ˆ
1ˆ = F0ˆ2ˆ
2ˆ = F0ˆ3ˆ
3ˆ = (R˙− C)/R , (9)
F0ˆ1ˆ
0ˆ1ˆ = F0ˆ2ˆ
0ˆ2ˆ = F0ˆ3ˆ
0ˆ3ˆ = C˙/R , F1ˆ2ˆ
1ˆ2ˆ = F1ˆ3ˆ
1ˆ3ˆ = F2ˆ3ˆ
2ˆ3ˆ = (C/R ) 2 . (10)
With Fα
i := Fαβ
β i and F := Fα
α, the quadratic field Lagrangian (restricted above) reads
t
L= 1
4
AFji
α( k1 F
ij
α + 2 k2 Fα
ij + 2 k3 A
i
αF
jβ
β ) , (11)
r
L= 1
4
AFji
αβ( k4 F
ij
αβ + k5 Fαβ
ij + 4 k6 F
i
αβ
j + 4 k7A
i
αFβ
j + 4 k8 A
i
αF
j
β + 4 k9A
i
αA
j
β F ) .
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Because of the symmetry of the model, the nine constants kn join to form only two effective
constants kt := (−k1 + k2 + 3 k3 )/2 , kr := k4 + k5 − 2 k6 − 4 k7 − 4 k8 − 12 k9 entering the field
equation (3)1 :
6 kt R 3 ( R¨− C˙ ) + 6 kr (R 2 C˙ 2 − C 4 ) = −M R , (12)
6 kt R 2 ( R˙ 2 −C 2 ) − 6 kr (R 2 C˙ 2 −C 4 ) = 2M R . (13)
Equation (3)2, due to the lack of material spin not independent of (3)1, results in the condition
kr (R 2 C¨ +R R˙ C˙ − C 3 ) = ktR 2 ( R˙− C ) . (14)
This becomes more transparent by the substitution C˙ = −C 2/R − (F R)/6 gained from (10):
kr R F˙ = 2 ( kr F + 3 kt ) (C − R˙ ) . (15)
Here, the only surviving component of the torsion (C − R˙ ) must not vanish, because otherwise
H ij α and, according to (6), J α α ∼M would vanish, too. The obvious solution
F = − 3 kt
kr
. (16)
seems to be unique, if a non-static universe and M 6= 0 is required [4]. Insertion in (12,13) yields
R¨ =
kt
4 kr
R− M
6 ktR 2
, R˙ 2 =
kt
4 kr
R 2 +
M
3 ktR
. (17)
A comparison with the formal identical relations well-known from GR fixes the constants:
kt =
1
l2
, kr =
1
k2
, ΛPGT =
3 k2
4 l2
. (18)
Here l ≈ 8, 1 ∗ 10−35m is the Planck length, and we get k ≈ 1 ∗ 10−60 as a rough value [5] of a
new coupling constant of gravitational spin interaction.
In our simple model, the cosmological constant exclusively depends on the fundamental con-
stants of the theory. This result, however, does not depend on the simplicity of the model. The
use of a non-flat geometry or a more elaborated description of matter alters the equations (17) in
a way known from GR, but it does not touch the structure and solution of equation (15) as long
as the spin of matter can be neglected. We would like to stress, that in the PGT with quadratic
Lagrangian, ’normal’ gravity is carried by the torsion squares, which supply the coupling l2M in
(17), and not by the curvature. Adding a linear term k0AF to the Lagragian (11)2 would merely
shift ΛPGT to the value 3 k
2 ( 2k0 l
2−1 )2/ (4 l2). Provided that ΛPGT 6= 0 , this term is ruled out,
however, because only k0 = 0 guarantees vanishing energy-momenta of the gravitational fields in
case of t→∞ .
ΛPGT differs from ΛGR in obvious aspects. First, the constancy of the scalar F (x) in (15)
depends on the context and can only be expected in case of high symmetry and vanishing spin.
Second, in a certain sense, ΛPGT is induced by matter. In the (theoretical) limit M → 0, ΛGR
keeps driving the de Sitter universe apart according to R ∼ e
√
Λ/3 t. Contrary to that, ΛPGT can
be switched off in that case, and with R˙ = C = F = 0 in (15) we get the Minkowski space as the
adequate cosmological vacuum solution.
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An analogous but less theoretical example is the vacuum field of an isolated mass point and
the related question, to what extent subcosmic systems, say our planetary system, are influenced
by the cosmic expansion. The embedding of a static and isotropic local metric into an expanding
universe in the sense of an Einstein-Straus model [6] does not work in case of ΛGR 6= 0 , as in
GR such local metric is no longer available. The well-known modified Schwarzschild solution
with g00 = 1 − 2m/r − (ΛGR/3 ) r2 is static, but not isotropic, and the last term merely hides
the cosmic expansion as a repulsive force. Transformed to isotropic coordinates, however, the
dynamical form of this solution
A0
0ˆ = Q , A1
1ˆ = P R , A2
2ˆ = P R r , A3
3ˆ = P R r sinϑ , (19)
Q(r, t) :=
(
1− m2R r
)
/
(
1 + m2R r
)
, P (r, t) :=
(
1 + m2R r
)2
, R(t) := Ro e
√
Λ/3 t .
clearly asserts an unreduced expansion. According to (19), the orbits of the planets would have
been enlarged by roughly 45% since the formation of the solar system [7], and it is hard to see,
how the impact on the climatic and biological evolution can be avoided within the framework of
GR. This problem seems not to carry such a great weight in the PGT, as far as a vacuum solution
is considered as a first approximation. Here torsion is allowed to vanish, and the isotropic solution
describing the vacuum field of a point mass is the static Schwarzschild metric (19) with R = Ro
and the connection calculated from Fij
α = 0.
A peculiarity of the PGT should be mentioned here. Due to the independence of the connec-
tion, the metric doesn’t definitely fix the solution. For example, the special Lagrangian (11) with
k1 = k3 = 1/ l
2, k4 = 1/ k
2, kn = 0 otherwise [8], admits three solutions with nonvanishing torsion
[9], which coincide in the metric (19) with R(t) = Ro e
ǫHo t :
F1ˆ0ˆ
0ˆ =
2mQ
(PR r ) 2Q+Q−
, F0ˆ1ˆ
1ˆ =
2 ǫmHo
PR r Q+Q−
, (20)
F1ˆ0ˆ
0ˆ = −F1ˆ2ˆ2ˆ = −F1ˆ3ˆ3ˆ =
m
(PR r )2Q−
, F0ˆ1ˆ
1ˆ = −F0ˆ2ˆ2ˆ = −F0ˆ3ˆ3ˆ =
ǫm
(PR r )2Q−
, (21)
F1ˆ0ˆ
0ˆ = −F1ˆ2ˆ2ˆ = −F1ˆ3ˆ3ˆ =
m
(PR r )2Q+
, F0ˆ1ˆ
1ˆ = −F0ˆ2ˆ2ˆ = −F0ˆ3ˆ3ˆ =
− ǫm
(PR r )2Q+
, (22)
ǫ := ±1 , Ho := k/(2 l) =
√
ΛPGT/3 , Q± := Q±Ho PR r .
The meaning of these solutions is unclear. Presumably they don’t describe a persistent and reg-
ular field of a macroscopic body. Nevertheless, in our opinion, the occurrence of different states
of the gravitational field associated with one and the same source is an attractive feature of the
PGT. It indicates the existence of three different energy states of a point mass, corresponding
to the torsion-free solution, solution (20), and (21/22). The hypothesis of a relation to the mass
spectrum of elementary particles, however, remains an unproved speculation within the framework
of a classical field theory.
———–——–
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